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We present three data driven models for COVID-19 with a minimal
number of parameters to provide insights into the spread of the dis-
ease that may be used for developing policy responses. The first
is exponential growth, widely studied in analysis of early-time epi-
demic data. The second is a self-exciting branching process model
which includes a delay in transmission and recovery. It allows for
a meaningful fit to early time stochastic data. The third is the well-
known Susceptible-Infected-Resistant (SIR) model and its close vari-
ant, SEIR, with an "Exposed" component. All three models are re-
lated mathematically, and each illustrates the challenges of forecast-
ing COVID-19. We use the SIR model to illustrate the potential effects
of short-term distancing measures in the United States.
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The world is in the midst of an ongoing pandemic, caused1

by the emergence of a novel coronavirus. Pharmaceutical2

interventions such as vaccination and anti-viral drugs are not3

currently available. Over the the next year, addressing the4

COVID-19 outbreak will depend critically on the successful5

implementation of public health measures including social dis-6

tancing, shelter in place orders, disease surveillance, contact7

tracing, isolation, and quarantine(1, 2). On March 16th, Im-8

perial College London released a report (3) predicting dire9

consequences if the US and UK did not swiftly take action10

against the pandemic. In both nations, governments responded11

by implementing more stringent social distancing regulations12

(4). We now have substantially more case data from the US,13

as well as the benefit of analyses performed by scientists and14

researchers across the world (5–12). Nonetheless, modeling15

and forecasting the spread of COVID-19 remains a challenge.16

Here, we present three basic models of disease transmis-17

sion that can be fit to data emerging from local and national18

governments. While the Imperial college study employed an19

agent-based method (one that simulates individuals getting20

sick and recovering through contacts with other individuals21

in the population), we present three macroscopic models: (a)22

exponential growth; (b) self-exciting branching process; and23

(c) the SIR compartment model. These models have been24

chosen for their simplicity, minimal number of parameters,25

and for their ability to describe regional-scale aspects of the26

pandemic. In presenting these models, we demonstrate how27

they are connected and note that in different cases one model28

may fit better than another. Because these models are par-29

simonious, they are particularly well-suited to isolating key30

features of the pandemic and to developing policy-relevant31

insights. We order them according to their usefulness at dif-32

ferent stages of the pandemic - exponential growth for the33

initial stage, a self-exciting branching process when one is still34

analyzing individual count data going into the development of35

the pandemic, and a macroscopic mean-field model going into 36

the peak of the disease. The branching process can also track 37

changes over time in the dynamic reproductive number. 38

These models highlight the significance of fully- 39

implemented and sustained social distancing measures. Put 40

in place at an early stage, distancing measures that reduce 41

the virus’s reproduction number – the expected number of 42

individuals that an infected person will spread the disease to – 43

may allow much-needed time for the development of pharma- 44

ceutical interventions. By slowing the speed of transmission, 45

such measures may also reduce the strain on health care sys- 46

tems and allow for higher-quality treatment for those who 47

become infected. Importantly, the economic consequences of 48

such measures may lead political leaders to consider relax- 49

ing them. The models presented here, however, demonstrate 50

that relaxing these measures in the absence of pharmaceutical 51

interventions may allow the pandemic to reemerge. Where 52

this takes place, social distancing efforts that appear to have 53

succeeded in the short term will have little impact on the total 54

number of infections expected over the course of the pandemic. 55

The epidemiological perspective on modeling infectious 56

disease spread involves consideration of a larger number of 57

modeling parameters detailing the spread of and recovery from 58

the disease, additional compartments corresponding to age 59

categories, and other related choices, e.g. (3, 13). A data- 60

driven approach to modeling COVID-19 has also emerged, 61
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in which statistical and machine learning models are used62

for forecasting cases, hospitalizations, deaths, and impacts of63

social distancing (14, 15). Our work demonstrates the utility64

of parsimonious epidemic models for understanding the pan-65

demic and provides an accessible framework for a larger group66

of quantitative scientists to follow and forecast the COVID-1967

pandemic. It includes explanations that will help allow sci-68

entific researchers to develop insights that may contribute to69

public health policy-making, including contributing to public70

health forecasting teams. Importantly, the branching process71

model that we detail is relatively new and underutilized in Epi-72

demiology. It provides a method for quantitatively estimating73

dynamic reproduction numbers, which can be critical in assess-74

ing the impact of distancing measures over time. The results75

from the parsimonious models presented here are consistent76

with recent analyses from public health officials in California77

(16) and with the original Imperial college model (3).78

We present examples of forecasts for viral transmission in79

the United States. Where other studies have typically devel-80

oped and presented one model (choosing to fit parameters81

within the chosen model), our analysis compares three differ-82

ent forecasting models using a fitting criterion. The results of83

these models differ depending on whether the data employed84

cover confirmed cases or mortality. In addition, many as-85

pects of disease spread, such as incubation periods, fraction of86

asymptomatic but contagious individuals, seasonal effects, and87

the time between severe illness and death are not considered88

here. In some cases (e.g. seasonal) relevant data does not89

exist and in other cases (e.g. age of patients) we choose not90

to include additional parameters in favor of parsimony.91

Results92

A. Exponential Growth. Epidemics naturally exhibit exponen-93

tial behavior in the early stages of an outbreak, when the94

number of infections is already substantial but recoveries and95

deaths are still negligible. If at a given time t there are I(t)96

infected individuals, and α is the rate constant at which they97

infect others, then at early times (neglecting recovered individ-98

uals), I(t) = I0e
αt. The time it takes to double the number99

of cumulative infections (doubling time) is a common mea-100

sure of how fast the contagion spreads: if we start with Ī101

infections, then at time Td = ln 2/α we achieve 2Ī infections.102

For the COVID-19 outbreak, exponential growth is seen in103

data from multiple countries (see Figure 1), with remarkably104

similar doubling times in the early stages of the epidemic. For105

COVID-19, we expect an exponential growth phase during106

the first 15-20 days of the outbreak in the absence of pub-107

lic health interventions such as social distancing, isolation,108

or quarantine. This estimate is based on patient data from109

the Wuhan outbreak, which indicate that the average time110

from illness onset to death or discharge is between 17 and111

21 days for hospitalized patients (20, 21). Because deaths112

are a fraction of infections, they initially increase at a similar113

exponential pace, with some delay relative to the beginning114

of the outbreak. These observed doubling time estimates (2-4115

days) are significantly smaller than early estimates (∼7 days)116

obtained using data collected in Wuhan (22).117

B. Self-exciting branching process. A branching point pro-118

cess (23–25) can also model the rate of infections over time.119

Point process models are data-driven and allow for parametric120

or nonparametric estimation of the reproduction number and 121

transmission time scale. They also facilitate estimation of 122

the probability of extinction at early stages of an epidemic. 123

These models have been used for various social interactions 124

including spread of Ebola (26), retaliatory gang crimes (27), 125

and email traffic (28, 29). The intensity (rate) of infections 126

can be modeled as 127

λ(t) = µ+
∑
ti<t

R(ti)w(t− ti) [1] 128

where t is the current time and ti are the times of previous in- 129

fection incidents. Here the dimensionless reproduction number, 130

R(t), evolves in time (18, 30–33) to reflect changes in disease 131

reproduction in response to public health interventions (e.g. 132

school closings, social distancing, closures of non-essential 133

businesses, isolation, and quarantine). The distribution of 134

inter-event times w(ti− tj) is a gamma or Weibull distribution 135

(11, 33, 34) with shape parameter k and scale parameter b. 136

Finally, the parameter µ allows for exogenous infection cases. 137

The point process in Eq. 1 is an approximation to the com- 138

mon SIR model of infectious diseases (described later) during 139

the initial phase of an epidemic when the total number of 140

infections is small compared to the overall population size 141

(35). 142

Given Eq. 1, the quantity 143

pij = R(tj)w(ti − tj)/λ(ti) [2] 144

gives the probability of secondary infection i having been 145

caused by primary infection j. The dynamic reproduction num- 146

ber R(t) can then be estimated via expectation-maximization 147

(18) using a histogram estimator: 148

R(t) =
B∑
k=1

rk1{t ∈ Ik}. [3] 149

Here Ik are intervals discretizing time and B is the number of 150

such intervals. The reproduction number, rk, in each interval 151

k is determined by: 152

rk =
∑
ti>tj

pij1{tj ∈ Ik}/Nk, [4] 153

where Nk is the total number of events in interval k. 154

Figure 1(b) shows the estimated dynamic reproduction 155

number (36, 37) of COVID-19 in China, Italy, and the U.S. 156

during the early stage of the pandemic, from late January, 157

2020 to early April, 2020. The branching point process is 158

fit to mortality data (17) using an expectation-maximization 159

algorithm (18). Public health measures undertaken in China 160

appear to have reduced R(t) to below the self-sustaining level 161

of R = 1 by the middle of February. In Italy, public health 162

measures brought the local value of R(t) down; as of early 163

April, however, it remained above R = 1. The estimated 164

reproduction number in the U.S. as a whole stood at around 165

2.5. The reproduction number, however, varies notably by 166

location. 167

This model can be adapted to capture the long-term evo- 168

lution of the pandemic by incorporating a pre-factor that 169

accounts for the dynamic decrease in the number of suscepti- 170

ble individuals (35): 171

λh(t) = (1− Ic(t)/N)(µ+
∑
ti<t

R(ti)w(t− ti)). [5] 172
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Fig. 1. (top) Exponential model applied to new in-
fection and death data for Italy, Germany, France,
Spain, the UK, and the United States, normalized
by the total country population (source, WHO).
Insets show the same data on a logarithmic scale.
Both the normalized infection i and death d data
were thresholded to comparable initial conditions
for each country; fits are to the first 15-20 days of
the epidemic after exceeding the threshold. The
fitted doubling time is shown for both infections
(Td,i) and death (Td,d) data. Data from Japan
and South Korea are shown for comparison and
do not exhibit exponential growth. (bottom) Dy-
namic reproduction number (mean and 95% con-
fidence interval) of COVID-19 for China, Italy, and
the United States estimated from reported deaths
(17) using a non-parametric branching process
(18). Current estimates as of April 1, 2020 of
the reproduction number in New York, California,
and Indiana (confirmed cases used instead of
mortality for Indiana). Reproduction numbers of
COVID-19 vary in different studies and regions
of the world (in addition to over time), but have
generally been found to be between 1.5 and 6
(19) prior to social distancing.

Here Ic(t) is the cumulative number of infections that have173

occurred up to time t and N is the total population size. This174

version of the branching process model, referred to as HawkesN,175

represents a stochastic version of the SIR model; with large176

R, the results of HawkesN are essentially deterministic. When177

projecting, we use our estimated R(ti) at the last known point178

for all times going forward. Since the Nt term is the number179

of infections, if our estimates for R(ti) are based on mortality180

numbers, we must also choose a mortality rate to interpolate181

between the two counts; though existing estimated rates vary182

significantly, we choose 1% as a plausible baseline (38) (and see183

discussion in Materials and Methods). Alternatively, we also184

create forecasts for three US states based on fits to reported185

case data (see Table 1).186

C. Compartmental Models. The SIR model (40–42) describes187

a classic “compartmental” model with Susceptible-Infected-188

Resistant population groups. A related model, SEIR, includes189

an “Exposed” compartment that models a delay between190

exposure and infectiousness. The SEIR model was shown to fit191

historical death record data from the 1918 Influenza epidemic192

(43), during which governments implemented extensive social193

distancing measures, including bans on public events, school194

closures, and quarantine and isolation measures. The SIR195

model can be fit to the predictions made in (3) for agent based196

simulations of the United States. The SIR model assumes a197

population of size N where S is the total number of susceptible198

individuals, I is the number of infected individuals, and R is199

the number of resistant individuals. For simplicity of modeling,200

we view deaths as a subset of resistant individuals and deaths201

can be estimated from the dynamics of R; this is reasonable for 202

a disease with a relatively small death rate. We also assume a 203

time scale short enough such that humans’ natural resistance 204

to the disease does not introduce new susceptible people after 205

recovery. 206

The SIR model equations are 207

dS

dt
= −β IS

N
,

dI

dt
= β

IS

N
− γI, dR

dt
= γI. [6] 208

Here β is the transmission rate constant, γ is the recovery rate
constant, and R0 = β/γ is the reproduction number. One
integrates Eq. 6 forward in time from an initial value of S, I,
and R at time zero. The SEIR model includes an Exposed
category E:

dS

dt
= −β IS

N
,

dE

dt
= β

IS

N
− aE,

dI

dt
= aE − γI, dR

dt
= γI.

Here a is the inverse of the average incubation time. Both 209

models are fit, using maximum likelihood estimation with 210

a Poisson likelihood, to data for three US States (CA, NY, 211

and IN) (17). Table 1 compares the results to the branching 212

process. We use the relative likelihood based upon the Akaike 213

information criterion (39) to measure model performance for 214

each dataset; it is biased against models with more parameters. 215

The SEIR model performs better on the Confirmed data for 216

California and Indiana, possibly due to the larger amount 217

of data, compared to mortality for which SIR is the best 218

for all three states. The branching process performs best 219

for confirmed cases in NY. Our choice of fitting follows the 220
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data model R0 γ I0 a peak logL rel. L

CA conf. SIR 2.4 0.14 0.025 – 5/16/20 43230 0.14
CA conf. SEIR 4.9 0.10 0.05 0.28 5/16/20 43233 1.00
CA conf. Branching 1.6 (b, k, µ) = (2.73, 4.0, 1.60) 5/21/20 42722 0.00

CA mort. SIR 2.7 0.12 0.10 – 5/5/20 252 1.00
CA mort. SEIR 3.1 0.20 0.10 0.38 5/3/20 252 0.37
CA mort. Branching 1.5 (b, k, µ) = (1.73, 3.31, .04) 5/8/20 242 0.00

IN conf. SIR 4.4 0.06 0.005 – 5/13/20 9098 0.00
IN conf. SEIR 4.7 0.16 0.005 0.20 5/9/20 9116 1.00
IN conf. Branching 2.4 (b, k, µ) = (3.18, 4.0, 0.17) 5/1/20 8947 0.00

IN mort. SIR 3.7 0.09 0.005 – 4/26/20 19.95 1.00
IN mort. SEIR 4.6 0.14 0.005 0.36 4/25/20 19.96 0.37
IN mort. Branching 2.1 (b, k, µ) = (3.26, 2.45, .02) 5/1/20 10.68 0.00

NY conf. SIR 2.1 0.19 0.10 – 4/27/20 569616 0.00
NY conf. SEIR 3.4 0.19 0.10 0.36 4/25/20 569452 0.00
NY conf. Branching 1.5 (b, k, µ) = (1.90, 4.0, 3.69) 4/28/20 571203 1.00

NY mort. SIR 4.1 0.10 0.005 – 4/12/20 6313 1.00
NY mort. SEIR 5.0 0.20 0.005 0.32 4/12/20 6313 0.37
NY mort. Branching 2.5 (b, k, µ) = (3.25, 3.97, .04) 4/18/20 6272 0.00
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Table 1. (Left) Fit of confirmed case or mortality data from California, Indiana, and New York States to three different models, SIR, SEIR, and
branching process, using Poisson regression. The table shows the log-likelihood and the relative likelihood exp((AICmin−AIC)/2) based
on the Akaike Information Criteria (39). The blue lettering corresponds to the lowest AIC value. The branching process parameters include a
Weibull shape k and scale b for w(t), along with the exogenous rate µ. The table also shows parameters from the fit and the projected date for
the peak in new cases for each of these datasets; the projected peak date for the branching process is made using the HawkesN model. For
each state, we run the fit on both confirmed case data and mortality data, taken from (17). (Right) Shown are the actual data points compared
to the fitted curves.
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method in (43) for the 1918 pandemic death data. Our focus221

is on model comparison rather than measuring uncertainty of222

parameters in a specific model, as is currently being done for223

hospital demand forecasts in Los Angeles (16). For interval224

forecasts with uncertainty quantification, one may consider225

a negative binomial alternative to Poisson regression that226

captures over-dispersion in case and death counts (44–46).227

We can further understand the role of parameters in our
models via a dimensionless formulation of Eq. 6. There are
two timescales dictated by β and γ, so if time is rescaled by
γ to τ = γt, and s = S/N , i = I/N , and r = R/N represent
fractions of the population in each compartment, then in the
case of a novel outbreak with no initially resistant individuals,
we obtain

ds

dτ
= −R0is,

di

dτ
= R0is− i,

dr

dτ
= i,

(s, i, r)|τ=0 = (1− ε, ε, 0), [7]

where 0 < ε << 1 is the initial fraction of the infected pop-228

ulation at the start time, and the system retains only one229

dimensionless parameter R0 that, in conjunction with the ini-230

tial conditions, completely determines the resulting behavior.231

For Eq. (7), the shapes of the solution curves s(τ), i(τ), r(τ)232

do not depend on ε, other than exhibiting a time shift that233

depends logarithmically on ε (Fig, 2). This is a universal234

solution for the SIR model in the limit of small ε (Fig. 3),235

depending only on R0. Critically, the height of the peak in236

i(t) and the total number of resistant/susceptible people by237

the end of the epidemic are determined by R0 alone. But,238

the sensitivity of the time translation to the parameter ε, and239

the dependence of true time values of the peak on parameter240

γ makes SIR challenging to fit to data at the early stages of241

an epidemic when Poisson statistics and missing information242

are prevalent. When using early-time death data to fit SIR,243

the estimate of the percentage of deaths per total number244

of infections (chosen as 1% here), has a sensitivity that can245

be understood directly in terms of this shift in the time to246

peak. This is important information for public health officials,247

policymakers, and for political leaders interested in decreas-248

ing R0 for substantial periods of time. This sensitivity to249

parameters helps explain why projections of the outbreak can250

display such large variability and highlights the need for exten-251

sive disease testing within the population to more accurately252

track the epidemic curve. After the surge in infections the253

model asymptotes to end states in which r approaches the end254

value r∞ and s approaches 1− r∞ and the infected population255

approaches zero. The value r∞ satisfies a well-known transcen-256

dental equation (47–49). A phase diagram of the universal257

solutions for several R0 values is shown on Fig. 2 (right). The258

dynamics start in the bottom right corner where s is almost259

1 and follow the colored line to terminate on the i = 0 axis260

at the value s∞. A rigorous derivation of the limiting state261

under the assumptions here can be found in (47–49).262

Under the SIR (and similar) model(s), if R0 is decreased263

during the middle of an outbreak, through social distancing264

and other public health measures, the rate of new infections265

will decrease. However, unless the number of infected individu-266

als is brought down to zero, the outbreak will likely re-emerge267

and the total number of infections may still be a large frac-268

tion of the population. This is illustrated in Fig. 3, where269

we present scenarios of no social distancing versus short-term270

social distancing with parameters from Table 1 for death data 271

up through the end of March, fit to the SIR model. We cau- 272

tion that the goal of these scenarios is not to produce highly 273

accurate percentages, but rather to present scenarios under 274

different basic assumptions that illustrate the usefulness of 275

social distancing measures and the potential danger in easing 276

them too soon. 277

For the New York State scenario, with R0 presumed to 278

decrease by a factor of two with distancing measures, the 279

outbreak is not completely controlled by distancing, and the 280

number of infections continues to rise to approximately 10% 281

by mid April. In contrast, without distancing measures the 282

scenario shows four times that number of infected individuals 283

by mid April, a level that would have represented a potentially 284

disastrous strain on the hospital system. In the California 285

scenario, distancing measures bring the effective R0 closer to 286

one, thus keeping infections at a much smaller portion of the 287

population than the scenario with no social distancing, at least 288

during the period when the distancing is still in effect. We 289

take these scenarios one step further by suddenly stopping 290

distancing on May 5 (this is both extreme and hypothetical, 291

but it serves to illustrate the model). Because of the low 292

initial infected count in California, bringing R0 back to the 293

original pre-distancing level produces a curve that follows the 294

original peak scenario, just shifted later in time. For New 295

York State, because a nontrivial fraction of the population is 296

initially infected, there are fewer to infect and the new peak 297

is less steep than the scenario without any distancing. 298

Discussion 299

Our analysis, employing parsimonious models, illustrates sev- 300

eral key points: (a) The reproduction number R is highly 301

variable both over time and by location, and this variability 302

is compounded by distancing measures. These variations can 303

be calculated using a stochastic model, and lower R is critical 304

to decreasing strains on health care systems and to creating 305

time to develop effective vaccines and anti-viral therapies. (b) 306

Mortality data and confirmed case data have statistics that 307

vary by location and by time depending on testing and on 308

accurate accounting of deaths due to the disease. Differences 309

in collection methods and in the accuracy of morbidity and 310

mortality data can lead to different projected outcomes. (c) 311

Non-pharmaceutical public health interventions (NPIs) such as 312

social distancing and shelter in place orders offer an important 313

means of reducing the virus’s reproduction number. Nonethe- 314

less, NPIs may not have a substantial impact on the total 315

number of infections unless sustained over time. Policy-makers 316

should be cautious about scaling back distancing measures 317

after early signs of effectiveness. 318

During the 1918 influenza pandemic, the early relaxation 319

of social distancing measures led to a swift uptick in deaths in 320

some US cities (43). The models presented here help to explain 321

why this effect might occur, as illustrated in Fig. 3. Already, 322

policy-makers in many jurisdictions have started to implement 323

new social protocols that allow for increased economic activity. 324

In the US, where public health authority is vested largely in 325

states and localities, key decisions about such measures will 326

be in the hands of local officials, with national agencies such 327

as the CDC playing a coordinating role and offering guidance 328

(50). Nationally, policy-makers may also consider funding 329

mechanisms and regulatory measures that might facilitate a 330
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Fig. 3. Scenarios for the impact of short-term social distancing: fraction of population vs. date. (Left) California SIR model based on mortality data with parameters from
Table 1 (R0 = 2.7, γ = .12, I0 = .1) under two scenarios: R0 constant in time (light blue) and R0 cut in half from March 27 (one week from the start of the California shut
down) to May 5 but then returned to its original value, to represent a short term distancing strategy (dark blue). (Right) New York SIR model with parameters from the Table 1
(R0 = 4.1, γ = .1, I0 = 05) under the same two scenarios, but with short term distancing occurring over the dates of March 30 (one week from the start of the New York
shut down) to May 5. In both states, the distancing measures suppress the curve and push the peak infected date into the future, but the total number of cases is only slightly
reduced.

more unified approach to the pandemic (51), as well as fiscal331

measures aimed at ameliorating the economic effects of social332

distancing and shelter in place orders.333

Of the models presented here, only the point process model334

tracks the reproductive number changing over time (though335

compartmental models can be modified to do the same). Dy-336

namic change in the reproductive number is the major chal-337

lenge in forecasting such a pandemic. Some new approaches338

to forecasting long-term trends in the COVID-19 pandemic at-339

tempt to address this concern by fitting curves in countries in340

the later stages of spread (after social distancing) and then ap-341

plying those fitted models to regions in earlier stages (15). The342

long-term SIR curves in Figure 3 are idealized counter-factuals343

in the event of no social distancing, rather than forecasts of the344

actual peak date and total infected. Moreover, in the absence345

of distancing policies, people may still choose to distance out346

of fear driven by an upswing in recent deaths, as was modeled347

in (43) in the 1918 pandemic.348

The models presented here are parsimonious, making a349

variety of assumptions in order to increase understanding350

and to avoid over-fitting the limited and incomplete data351

available; more complex models have been introduced and352

are currently in use (3, 13). Even with these simple models,353

however, the parameters obtained from our fits (Table 1)354

can vary significantly for a given location. Though we have355

in each case determined which of these fits appears to have356

most validity, in many cases these are not strong indicators.357

These models have several sources of uncertainty, including358

parameter uncertainty, variation based on data or model type359

used, and most importantly uncertainty in the severity and360

length of social distancing measures, which can change the361

peak date by months or even create multiple peaks. This362

variability in outcomes highlights the challenges of modelling363

and forecasting the course of a pandemic during its early364

stages and with only limited data. This uncertainty is a365

major challenge for policy-makers, who must consider the366

social and economic consequences of disruptive public health367

interventions while recognizing that relaxing them may swiftly368

lead to the reemergence of a devastating disease.369

Materials and Methods370

Relation between the exponential model and compartment models.371

The exponential model is appropriate during the first stages372

of the outbreak, when recoveries and deaths are negligible: in373

this case, the SIR compartment model can be directly reduced 374

to an exponential model. If we assume S ≈ N in Eq. 6, then 375

dI(t)/dt ≈ (β−γ)I, with the exponential solution I(t) = I0e
αt

376

with α = β − γ and I0 the initial number of infections. We 377

expect at very early times t � 1/γ that the recovery will 378

lag infections so one might see α ∼ β at very early times 379

and then reduce to α ∼ β − γ once t > 1/γ. Reports and 380

graphs disseminated by the media typically report cumulative 381

infections, which include recoveries and deaths. Using the SIR 382

model, the total cumulative infections are Ic(t) = I(t) +R(t) 383

and evolve as dIc(t)/dt = βsI. Integrating this, we see that Ic 384

likewise grows exponentially with the same rate α = β−γ. An 385

important observation is that the doubling time for cumulative 386

infections (Td = ln(2)/α) will change during the early times, 387

with a shorter doubling time while (t � 1/γ) and a longer 388

doubling time when t > 1/γ. 389

Relation between the HawkesN and SIR model. Following (35, 52), 390

first a stochastic SIR model can be defined where a counting 391

process Ic(t) = N − S(t) tracks the total number of infections 392

up to time t, N is the population size, and S(t) is the number 393

of susceptible individuals. The process satisfies 394

P (dC(t) = 1) = βS(t)I(t)dt/N + o(dt) 395

396

P (dR(t) = 1) = γI(t)dt+ o(dt) , 397

which then gives the rate of new infections and new recoveries 398

as (35) 399

λI(t) = βS(t)I(t)/N, λR(t) = γI(t). 400

It is shown in (52) that the continuum limit of the counting 401

process approaches the solution to the SIR model in Eq. 6. 402

Furthermore, for an exponential kernel w(t) in the HawkesN 403

model in Eq. 5 with parameter γ and constant reproduction 404

number (R0), then E[λI(t)] = λH(t) where µ = 0, β = R0γ 405

(see (35) for further details). 406

Fitting the SIR, SEIR, and branching process models. The parame- 407

ters for SIR and SEIR in Table 1 were found using maximum 408

Poisson likelihood regression (as in (43) for death data from 409

the 1918 pandemic in US cities) via grid search with ranges 410

I0 ∈ [.005, .1], R0 ∈ [1.5, 5], γ ∈ [.01, .2], and µ ∈ [.01, .4]. 411

The branching process was fit using a non-parametric ex- 412

pectation maximization algorithm, the details of which can 413

be found in (18). Models were fit to empirical new infections 414

per day or new mortality counts per day. We assumed that 415
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1% of those labeled as Resistant in the simulations were fatal416

cases. For morality rates in the range of .3% to 3%, the peak417

date changes by up to 2 weeks. Data quality is an issue dur-418

ing the COVID-19 pandemic due to lack of uniform testing.419

Uncertainty in estimates of the total number infected leads to420

uncertainty in forecasting results. The likelihood is somewhat421

flat at the maximum for models in Table 1, with multiple422

parameter combinations yielding plausible fits. Fitting SIR423

type models is known to be challenging due to parameter iden-424

tifiability issues (53, 54). However, the peak date only varies425

by 1-3 days for parameters within 2 units of the maximum426

log-likelihood.427

Data Sources. All data used in this manuscript was down-428

loaded on April 1st, 2020 from (17) which is publicly available.429

Case and death counts for COVID-19, such as those reported430

in (17) that are used in the present study, are well known to431

suffer from ascertainment issues (55). The data also have other432

sources of error due to the nature in which they are aggregated433

from primary sources, where reporting is often lagged. Policy434

decisions based upon models fit to these data must take these435

ascertainment and data quality issues into account. Code for436

analyzing the data is available upon request.437

ACKNOWLEDGMENTS. We thank Mark Lewis and Mason438

Porter for helpful comments on early drafts of the manuscript. We439

thank Mark Lewis and Ron Brookmeyer for expert advice from the440

Mathematical Biology and Epidemiology perspectives, respectively.441

This research was supported by NSF grants DMS-2027438, DMS-442

1737770, SCC-1737585, ATD-1737996 and the Simons Foundation443

Math + X Investigator award number 510776.444

1. Phelan AL, Katz R, Gostin LO (2020) The novel coronavirus originating in Wuhan, China:445

challenges for global health governance. Jama 323(8):709–710.446

2. Pan A, et al. (2020) Association of Public Health Interventions With the Epidemiology of the447

COVID-19 Outbreak in Wuhan, China. JAMA.448

3. Ferguson NM, et al. (2020) Impact of non-pharmaceutical interventions (NPIs) to reduce449

COVID-19 mortality and healthcare demand. DOI: https://doi.org/10.25561/77482.450

4. Landler M, Castle S (2020) Behind the virus report that jarred the U.S. and the U.K. to action.451

The New York Times. March 17.452

5. Imai N, et al. (2020) Transmissibility of 2019-nCoV. DOI: https://doi.org/10.25561/77148.453

6. Li T (2020) Simulating the spread of epidemics in China on the multi-layer transportation454

network: Beyond the coronavirus in Wuhan.455

7. Riou J, Althaus CL (2020) Pattern of early human-to-human transmission of Wuhan 2019-456

NCOV. bioRxiv preprint doi: https://doi.org/10.1101/2020.01.23.917351.457

8. Perkins TA, et al. (2020) Estimating unobserved SARS-CoV-2 infections in the United States.458

medRxiv preprint doi: https://doi.org/10.1101/2020.03.15.20036582. T.459

9. Kucharski AJ, et al. (2020) Early dynamics of transmission and control of COVID-19: a math-460

ematical modelling study. The Lancet, Infectious Diseases. March 11, 2020.461

10. Tindale LC, et al. (2020) Transmission interval estimates suggest pre-symptomatic spread of462

COVID-19. https://doi.org/10.1101/2020.03.03.20029983. T.463

11. Hellewell J, et al. (2020) Feasibility of controlling COVID-19 outbreaks by isolation of cases464

and contacts. The Lancet Global Health.465

12. Wu JT, Leung K, Leung PGM (2020) Nowcasting and forecasting the potential domestic and466

international spread of the 2019-nCoV outbreak originating in Wuhan, China: a modelling467

study.468

13. Arenas A, et al. (2020) A mathematical model for the spatiotemporal epidemic spreading of469

COVID19. medRxiv preprint doi: https://doi.org/10.1101/2020.03.21.20040022.470

14. Altieri N, et al. (2020) Curating a COVID-19 data repository and forecasting county-level death471

counts in the united states.472

15. health service utilization forecasting team IC, Murray CJ (2020) Forecasting COVID-19 impact473

on hospital bed-days, icu-days, ventilator-days and deaths by us state in the next 4 months.474

medRxiv. https://www.medrxiv.org/content/early/2020/03/30/2020.03.27.20043752.475

16. Lewis RJ, et al. (2020) Projections of hospital based healthcare demand due to COVID-19 in476

Los Angeles county. County DHS COVID 19 Predictive Modeling Team: May 6 update.477

17. Dong E, Du H, Gardner L (2020) An interactive web-based dashboard to track COVID-19 in478

real time. The Lancet. https://plague.com/.479

18. Mohler G, Schoenberg F, Short MB, Sledge D (2020) Analyzing the world-wide impact of480

public health interventions on the transmission dynamics of COVID-19. Researchgate DOI:481

10.13140/RG.2.2.32817.12642.482

19. Liu Y, Gayle AA, Wilder-Smith A, Rocklöv J (2020) The reproductive number of COVID-19 is483

higher compared to SARS coronavirus. Journal of Travel Medicine 27(2). taaa021.484

20. Pan F, et al. (2020) Time course of lung changes on chest CT during recovery from 2019485

novel coronavirus (COVID-19) pneumonia. Radiology p. 200370.486

21. Zhou F, et al. (2020) Clinical course and risk factors for mortality of adult inpatients with 487

COVID-19 in Wuhan, China: a retrospective cohort study. The Lancet. 488

22. Li Q, et al. (2020) Early transmission dynamics in Wuhan, China, of novel coron- 489

avirus–infected pneumonia. New England Journal of Medicine. 490

23. Meyer S, Held L, Höhle M (2017) Spatio-temporal analysis of epidemic phenomena using the 491

R package surveillance. Journal of Statistical Software 77(11). 492

24. Farrington C, Kanaan M, Gay N (2003) Branching process models for surveillance of infec- 493

tious diseases controlled by mass vaccination. Biostatistics 4(2):279–295. 494

25. Schoenberg F, Hoffmann M, Harrigan R (2019) A recursive point process model for infectious 495

diseases. Annals of the Institute of Statistical Mathematics 71(5):1271–1287. 496

26. Harrigan R, et al. (2019) Real-time predictions of the 2018-2019 Ebola virus disease outbreak 497

in the Democratic Republic of Congo using Hawkes point process models. Epidemics 28. 498

27. Stomakhin A, Short MB, , Bertozzi AL (2011) Reconstruction of missing data in social net- 499

works based on temporal patterns of interactions. Inverse Problems 27(11):115013. 500

28. Fox EW, et al. (2016) Modeling e-mail networks and inferring leadership using self-exciting 501

point processes. J. Am. Stat. Assoc. 111. 502

29. Zipkin JR, Schoenberg FP, Coronges K, Bertozzi AL (2016) Point-process models of social 503

network interactions: parameter estimation and missing data recovery. Eur. J. Appl. Math. 504

27(3):502–529. 505

30. Cauchemez S, et al. (2006) Real-time estimates in early detection of sars. Emerging infec- 506

tious diseases 12(1):110. 507

31. Wallinga J, Teunis P (2004) Different epidemic curves for severe acute respiratory syndrome 508

reveal similar impacts of control measures. Amer. J. Epid. 160(6):509–516. 509

32. Forsberg White L, Pagano M (2008) A likelihood-based method for real-time estimation of the 510

serial interval and reproductive number of an epidemic. Stat. Med. 27(16):2999–3016. 511

33. Obadia T, Haneef R, Boëlle PY (2012) The R0 package: a toolbox to estimate reproduction 512

numbers for epidemic outbreaks. BMC medical informatics and decision making 12(1). 513

34. Cowling BJ, et al. (2010) The effective reproduction number of pandemic influenza: prospec- 514

tive estimation. Epidemiology (Cambridge, Mass.) 21(6):842. 515

35. Rizoiu MA, Mishra S, Kong Q, Carman M, Xie L (2018) SIR-Hawkes: Linking epidemic models 516

and Hawkes processes to model diffusions in finite populations. Proc. of the 2018 World Wide 517

Web Conference on WWW p. 419–428. https://arxiv.org/abs/1711.01679. 518

36. You C, et al. (2020) Estimation of the time-varying reproduction number of COVID-19 outbreak 519

in China. Available at SSRN 3539694. 520

37. Riley S, et al. (2003) Transmission dynamics of the etiological agent of SARS in Hong Kong: 521

impact of public health interventions. Science 300(5627):1961–1966. 522

38. Verity R, , et al. (2020) Estimates of the severity of COVID-19 disease. medRxiv 523

2020.03.09.20033357; doi: https://doi.org/10.1101/2020.03.09.20033357. 524

39. Akaike H (1974) A new look at the statistical model identification. IEEE Transactions on 525

Automatic Control 19(6):716–723. 526

40. Brauer F, Castillo-Chavez C, Feng Z (2019) Mathematical Models in Epidemiology. 527

41. Kermack WO, McKendrick AG (1927) A contribution to the mathematical theory of epidemics. 528

Proceedings of the Royal Society A 115(772):700–721. 529

42. Tolles J, Luong T (2020) Modeling epidemics with compartmental models. JAMA. published 530

online. 531

43. Bootsma MCJ, Ferguson NM (2007) The effect of public health measures on the 1918 in- 532

fluenza pandemic in U.S. cities. PNAS 104(18):7588–7593. 533

44. Frasso G, Lambert P (2016) Bayesian inference in an extended SEIR model with nonpara- 534

metric disease transmission rate: an application to the Ebola epidemic in Sierra Leone. Bio- 535

statistics 17(4):779–792. 536

45. Angelov AG, Slavtchova-Bojkova M (2012) Bayesian estimation of the offspring mean in 537

branching processes: Application to infectious disease data. Computers & Mathematics with 538

Applications 64(3):229–235. 539

46. Yadlowsky S, Shah N, Steinhardt J (2020) Estimation of SARS-CoV-2 infection prevalence in 540

Santa Clara county. medRxiv. 541

47. Miller J (2012) A note on the derivation of epidemic final sizes. Bulletin of Mathematical 542

Biology 74(9). section 4.1. 543

48. Miller J (2017) Mathematical models of SIR disease spread with combined non-sexual and 544

sexual transmission routes. Infectious Disease Modelling 2. section 2.1.3. 545

49. Harko T, Lobo FSN, Mak MK (2014) Exact analytical solutions of the susceptible-infected- 546

recovered (SIR) epidemic model and of the SIR model with equal death and birth rates. Ap- 547

plied Mathematics and Computation 236:184–194. 548

50. Sledge D (2017) Health Divided: Public Health and Individual Medicine in the Making of the 549

Modern American State. 550

51. Haffajee RL, Mello MM (2020) Thinking globally, acting locally — the U.S. response to COVID- 551

19. New England Journal of Medicine. 552

52. Yan P (2008) Distribution theory, stochastic processes and infectious disease modelling in 553

Mathematical epidemiology. (Springer), pp. 229–293. 554

53. Evans ND, White LJ, Chapman MJ, Godfrey KR, Chappell MJ (2005) The structural iden- 555

tifiability of the susceptible infected recovered model with seasonal forcing. Mathematical 556

biosciences 194(2):175–197. 557

54. Roosa K, Chowell G (2019) Assessing parameter identifiability in compartmental dynamic 558

models using a computational approach: application to infectious disease transmission mod- 559

els. Theoretical Biology and Medical Modelling 16(1):1. 560

55. Wu JT, et al. (2020) Estimating clinical severity of COVID-19 from the transmission dynamics 561

in Wuhan, China. Nature Medicine pp. 1–5. 562

Bertozzi et al. PNAS | June 2, 2020 | vol. XXX | no. XX | 7


	Exponential Growth
	Self-exciting branching process
	Compartmental Models

